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Abstract. In this article we define Lagrangian concordance of Legen- 
drian knots, the analogue of smooth concordance of knots in the Leg- 
endrian category. In particular we study the relation of Lagrangian 
concordance under Legendrian isotopy. The focus is primarily on the 
algebraic aspects of the problem. We study the behavior of the classical 
invariants under this relation, namely the Thurston-Bennequin number 
and the rotation number, and we provide some examples of non-trivial 
Legendrian knots bounding Lagrangian surfaces in D*. Using these ex- 
amples, we are able to provide a new proof of the local Thom conjecture. 



1. Introduction 

A contact structure ^ on a 3-manifold M is a completely non-integrable 
2-plane field (i.e. it is locally defined as the kernel of a 1-form a such 
that a Ada ^ 0). Throughout this paper M will be oriented and the con- 
tact structure will be assumed to be positive and transversally orientable. 
Transversally orientable means that the 1-form a can be globally defined 
and the positivity condition means that a A da > (note that this really 
a condition on the contact structure and not the 1-form defining it). The 
completely non-integrable condition implies that any surface embedded in 
M cannot be tangent to ^. However many one-dimensional manifolds tan- 
gent to ^ exist, and they are said to be Legendrian. Namely a Legendrian 
knot in M is a map 7 : 5^ "-^ M such that Vs € S'^,Ts-f C C(<» j*a = 0). 
Two Legendrian knots are Legendrian isotopic if there is an isotopy H be- 
tween them such that H{-,t) is a Legendrian knot for all t. To a Legendrian 
knot one can associate three classical invariants: 

The topological (or smooth) type of the knot. 

The Thurston-Bennequin number of K = 7(5^). It comes from a trivial- 
ization of the tubular neighborhood of K given as follow: first take a vector 
field along K inside ^ transverse to TK which gives the positive orientation 
of ^ and take a vector field along K transverse to contact structure. If K is 
null-homologous and a Seifert surface S is picked then one can associate a 
number to this trivialization which is the difference with the canonical triv- 
ialization given by S. Denote this number by tb{K, [S]), where [S] denotes 
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the homology class of S in H2{M, K). 

The rotation number of K. Again assume that K is null-homologous and 
pick a Seifert surface S for K. Then the rotation number is the relative Euler 
class of ^ with respect to the tangent space to 7, r{K, [S]) = e{£,\-s,TK) £ 
H'^{T,,dTi) (notice that the definition depends on an orientation of K). The 
Euler class can, in fact, be replaced by the first Chern class since da\^ is a 
symplectic form on ^ which gives the existence of a unique (up to homotopy) 
almost-complex structure on ^ compatible with da. 

It is easy to check that these three invariants are well defined up to Leg- 
endrian isotopy. However it is by now well-known that they don't classify 
Legendrian knots: using powerful invariants such as Chekanov-Eliashberg 
homology, see [3], one can exhibit non-isotopic Legendrian knots with the 
same topological type, Thurston-Bennequin and rotations numbers. On the 
other hand, it has also been shown that certain restricted classes of knots 
classified up to Legendrian isotopy by these three classical invariants. 
One calls such knots simple Legendrian knots (see for example [7] where it 
is shown that the trivial knot is simple and [8] for torus knots and figure 
eight knot). Their classification up to Legendrian isotopy is therefore com- 
pletely determined by the smooth isotopy classification and easily computed 
algebraic topology data. 

In this paper we are interested in a new relation on the set of Legen- 
drian knots called Lagrangian concordance. This relation is analogous to 
the notion of smooth concordance for knots in 3-manifolds, but the addi- 
tional structure coming from the contact geometry is now taken into ac- 
count. Namely we consider a smooth concordance such that the cylinder 
defining it is a Lagrangian submanifold in the symplectisation of M (Sec- 
tion [3]). The symplectisation of a contact manifold (M, ^) with a globally 
defined contact form a is identified with M x M endowed with the sym- 
plectic form to = (i(e*Q). Much of contact geometry can be reformulated 
in terms of M-invariant (or equivariant) symplectic geometry. For instance 
Legendrian submanifolds of M are in bijection with R-invariant Lagrangian 
submanifolds of M x M, which motivated our definition of a Lagrangian con- 
cordance between Legendrian knots. In the present paper we first prove that 
this construction indeed yields an equivalence relation on the set of Legen- 
drian isotopy classes of knots. We moreover study algebraic properties of 
Lagrangian concordance and show that the classical Legendrian invariants 
t6(7, [S]) and r(7, [S]) are in fact Lagrangian concordance invariants (sec- 
tion [5]) . So that the analogue of classical invariants for our relation still are 
the Thurston-Bennequin, the rotation number and the topological invariant 
is now the smooth concordacne type of the knot. 

We also completely describe the the Lagrangian immersion problem with 
Legendrian boundary conditions in M x R by a careful application of the 
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Gromov-Lees theorem (section H]) . We moreover look at the more general 
notion of Lagrangian cobordism between Legendrian knots in section [H Us- 
ing the Lisca-Matic inequality, we are able to give a contact topology proof 
of Thorn conjecture for algebraic knots (section [7]). Finally, we conclude 
with a few remarks about the geometric aspects of Lagrangian concordance. 

Acknowledgment. This work makes up part of my Universite du Quebec 
a Montreal PhD thesis under the supervision of Olivier Collin who I warmly 
thank for many helpful comments and discussions. I also wish to thank 
Paolo Ghiggini and Tamas Kalman for inspiring conversations, and Tobias 
Ekholm for pointing out another proof of theorem 16.41 

2. Basics of Legendrian knot theory 

We first fix the notations we will use throughout the paper. 
The element s will always refer to a parameter in = M/27rZ, while t will 
be a real parameter. So we assume that our cylinder are parametrised by 
{is,t)\s G M/27rZ,t G M}. 

The standard contact structure .^o on = dW^ C C^(~ H) will be the 
one defined by the complex tangencies ^o,p = TpS^ U i{TpS^). However, in 
order to simplify notation we will sometimes used ^o,p = TpS^ U jiTpS"^) 
we will refer the first description as the i-convex contact structure and the 
second as the j-convex one. These two contact structures are obviously 
cont act omor phic . 

If (M, is a contact manifold with a contact form a we denote by (M x M, to) 
its symplectisation, i.e. to = d{e^a). Since ^ is a symplectic vector bundle 
it admits a compatible complex structure (we always denote by J) which 
extends to T{M x M) by setting 

ot 

Where Ra is the Reeb vector field {a{Ra) = 1 and da{Ra, ■) = 0). It follows 
from this remarks that every bundle we consider admits some euclidian 
(resp. Hermitian) metric. We assume trivializations are orthonormal (resp 
hermitian). 

We let < ■ • • >c= span£{- ■ •), be the complex span of the given vectors and 
< • • • >= span^i- • •) the real span. 

2.1. Legendrian knot in M.^. Through this section the ambient contact 
manifold will be M'^ together with the standard contact structure defined 
hy a = dz — ydx. Associated to a Legendrian knot 7 : S""*^ ^ (with 
parametrisation (a;(s), y(s), z(s))) there are two projections: The front pro- 
jection n : M'^ — > M<a;^2> and the Langrangian projection vr : — > 'M.^x,y> 
(the name Lagrangian comes from the fact that Legendrian knots project to 
exact Lagrangian submanifold of M^). 

Although the Lagrangian projection has more geometrical meaning and 
it can be really useful for some problems, we won't use it here, so we will 
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only discuss the front projection. Given a closed immersed curve in with 
extra data at intersection point to determine which arc crosses over the 
other one, there is clear obstruction for this diagram to be the projection 
of a Legendrian knot. From the equation z'{s) — y{s)x'{s) = we conclude 
that 



so that there is no vertical tangency to the front projection (we will see 
cusps instead) and the arc with the smallest slope goes under at an inter- 
section point. On the other hand any diagram satisfying these conditions 
comes from a Legendrian knot by setting y(s) = ^tA away from cusps and 
continuously prolonging it at cusps (sometimes we have to add an open in- 
terval where x'(s) = to do so). Any Lengendrian knot can be isotoped 
(through Legendrian embeddings) to a Legendrian knot having admissible 
front projection (meaning transverse self- intersection) . 
Using this generic projection we can easily compute the Thuston-Bennequin 
invariant and rotation numbers of K : 

tb{K) = writhe(n.{K)) — - {number of cusps in Il{K) 

and 

r{^) = l{D-U) 

where D is the number of downward cusps and U the number of upward cusps 
(recall K has to be oriented to define the rotation number) . Two admissible 
diagrams will describe Legendrian isotopic knots if and only if they differs 
by ambient isotopy and a finite sequence of Legendrian Reidemeister moves 
described by figure 1 (see [17]). 

So we can reduce the study of Legendrian knots in to the study of 
admissible diagrams up to Legendrian Reidemeister moves. Obviously the 
combinatorics of such diagrams remains a really difficult problem to solve 
even if it is easy to formulate. 

The contact structure induced on by removing a point to {S^,(,q) is 
contactomorphic to the standard one and so everything we said holds for 
knots in since we can always assume that any isotopy misses a point in 
S'. 

Any Legendrian knot has a standard neighborhood contactomorphic to 
= M/Z X D^, for sufficiently small e, with the contact structure given by 
dz — ydx. The front and Lagrangian projections have codomain R/Z x (— e, e) 
which we will draw as a square with the lefthand side identified to righthand 
side. As the contact structure is locally the same as the one given at the 
beginning of this section, so everything we said about diagrams still holds, 
although we have to check that diagrams with slope greater than e are never 
drawn. 

In the next section we will need a description of Legendrian isotopies 
which stay inside this standard neighborhood, so we propose to discuss this 
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Figure 1. Legendrian Reidemester moves 



here. Denote by Kq the zero section of this neighborhood and let K be 
another Legendrian knot in N Legendrian isotopic (in A^) to Kq. Then the 
degree of the projection of onto Kq restricted to K has to be equal to 
1. Now an admissible diagram whose projection on Kq has degree 1 will 
describe a Legendrian knot isotopic to Kq if and only if it differs by the 
same Legendrian Reidemeister moves, since this can be achieved through 
diagrams having arbitrarily small slopes so as to stay in N. 

2.2. The classical invariants. In this section we outline various meth- 
ods that will be used throughout the article for computing the rotation 
number and Thuston-Bennequin invariant for Legendrian knots. Let 70 : 

— > (M,^) be a Legendrian knot denote Kq = 7o(5"'^). We identify 
with M/27rZ and suppose Kq oriented by this parametrisation. The number 
th{KQ) will not depend on this parametrisation, but r{KQ) will. 

We first consider the Thurston-Bennequin invariant. As it is the homo- 
topy class of the trivialization of the normal bundle N{Kq) of Kq given by 
tb = (J(^),-Ra), it follows that {Ko,tb) is a framed submanifold of M of 
codimension 2. Via the Thom-Pontryagin construction, it corresponds to 
a map h : M ^ S^. Suppose now that Kq is null-homologous and that a 
Seifert surface S for Kq is fixed. The surface S gives an orthogonal triv- 
ialization of i^(i^'o) a-iid the difference between this one and tb is thus an 
element of 7ri(50(2)) = Z. We can therefore assign to tb and the relative 
homology class of S an integer which we denote tb{KQ, [S]). The choice 
of S gives a cobordism of Kq with the trivial knot, so there is a map h' 
homotopic to h which factors trough the fundamental map [M] : M — > 5"^. 
Consequently the homotopy type of h' is characterized by a homotopy class 
of maps from —> S^. Now recall that the free homotopy group [S^, S'^] is 
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isomorphic to Z (the isomorphism is given by the Hopf fibration), therefore 
h' is characterized by this integer and we claim the fohowing: 

Proposition 2.1. Let n ^"L he the integer associated to tb and [S] as above 
then tb{KQ, [S]) = — n 

Proof We first notice that in the case of the trivial Legendrian knot Kq = 
{z2 = 0} in = {{zi, Z2) G C^ll^ip + |z2p = 1} with the contact structure 
induced by the j— complex tangencies, then th is ((ie*^, 0), (je*^, 0)) which is 
the trivialization induced by the Hopf map. In this particular case tb{KQ) = 
— 1 (by a direct computation or by section [6]). So the proposition is verified 
in that case. 

Consider now the general case where tb[K) = n. Choose a cobordism from K 
to Kq. Since tb[K) = n, the extension of the trivialization to the cobordism 
gives a trivialization on Kq which is —n times the one given by tb{KQ). 
The Thom-Pontryagin map is thus — n times the Thom-Pontryagin map 
associated to tb{KQ), which completes the proof. ■ 



Corollary 2.2. The Thuston-Bennequin number of a Legendrian knot in 
is completely determined by the Thom map associated to the trivialization 
given by tb{K). 



Consider now the case of the rotation number of Kq. We recall that this 
number is defined by 

r(Ko,P]) =ci(e|s,T), 

where the relative Chern class can be defined as follows. Consider the 
trivial complex line bundle x C — > so that using the trivialization 
T =< ^ > of the complex line bundle ^Ixo, one can construct a bundle 
^' over S' = S U D^. We set ci(^|E,r) = ci(^') using the isomorphism 

Furthermore is a complex line bundle over S which has the homotopy 
type of a wedge of circles, hence is trivializable over S. Denote such 
an hermitian trivializationby by u. Then v\ko is a trivialization of ^ along 
Kq (notice that since Kq represents a product of commutators in 7ri(S,xo) 
and since 7ri(C/(l), /d) is abelian, this trivialization doesn't depend on v). 
With respect to this trivialization, r becomes a loop in U{\) and the ho- 
motopy type of this loop in 7ri(C/(l), Id) ~ Z is exactly the rotation number. 

Example. Consider S'^ = dD^ with its i-convex structure and Kq : 
[0, 27t] —^S^a Legendrian knot. We have 

d d 
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hence is already trivialized over S . So we can chose v to be this trivial- 
ization restricted to S . It follows that 



OZi OZ2 



and therefore 



de. 



TpM =< Cp> ® < Ra,T^> 



There is a third way to define the rotation number in terms of symplectic 
geometry. Consider in the symplectisation of M the trivial cylinder Cq = 
Kq X M. At any point of M the (symplectic) tangent space splits as 

d_ 

di 

This splitting is complex as well as symplectic as it can easily be checked. 
So we may also trivialize TM|s using v. Consider Kq as a loop on the 
Lagrangian cylinder Cq so that one can interpret, via our trivialization, the 
loop Txg(s)Co as a loop of Lagrangian planes in C^. One can consequently 
associate to this loop its Maslov index fj,(Ko,Y,) (this loop doesn't depend 
on z/ for the same reason as before). 

First recall the general definition of the Maslov index of a contractible loop 
on a Lagrangian submanifold, for which a good discussion can be found in 
[18]. Inside the standard symplectic vector space (C",u;o), consider A(n) to 
be the set of Lagrangian subspaces of C^, that is, 

A(n) = {V CC" \ dim(F) = n and ujqIv = 0}. 

Now fix an element Vq of A(n) and define the Maslov class to be 

MC = {V C A{n)\V nVo^ {0}}. 

This is a codimension 1 algebraic variety with singularities corresponding 
to the set of Lagrangian subspaces whose intersection with Vq has dimension 
greater than one. To define the Maslov index we need to give a transverse 
orientation to MC and this may be achieved in the following way. Any 
Lagrangian subspace V of C" which is transversal to V^"^ can be seen as the 
graph of dQ € Vq, where Q is a quadratic form over Vq. If the intersection 
with MC increases the signature, the intersection is positive otherwise it is 
negative. Now any loop 7:6'^^ -'^('^) can be arranged to be transversal to 
MC so the Maslov index of 7 is defined to be ^{"f) = \ j ■ MC\. 

Remark 2.3. In fact one should notice that the composite isomorphism 

7ri(A(n)) ~ H^iA{n)) ~ Z 

precisely arises from the Maslov index. 

In our case, since the loop of Lagrangian planes is given by 

,W.<e«<..,-.,|-.,^),|>, 
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things are vastly simplified. Choosing the plane Vq to be given as 

d d . d ^ 

Vo =< {-Z2^ h ^1^— ), + Ra>, 

ozi OZ2 at 

We get that intersection point with the Maslov-Class arise when 9{s) = 
mod TT and the quadratic form is 

Q{s) = taiie{s)x'^ 

near these intersection points. Hence intersections are positive when 6'{s) > 
and negative when 0'{s) < (note that the transversality condition is 
achieved assuming 9'{s) 7^ at intersection points). 
So we obtain the formula 

= 2jde 

and hence = 2r(Ko), so that ^{Kq^H) = 2r{KQ, [S]). 

3. Lagrangian gongordange and its relation to Legendrian 

ISOTOPY 



3.1. Definition of Lagrangian concordance. Let M be a smooth ori- 
ented 3-manifold, ^ a positive contact structure and {Y, uj) = {M x M, d{e*a)) 
be the symplectisation of M. 

Definition 3.1. If Kq,Ki : V ^ M be two Legendrian submanifolds of M, 
we say that Kq is Lagrangian concordant to Ki if there exists a Lagrangian 
cylinder C :V x'^^Y satisfying: 

3r > such that C\(^_^_x) = Kq x (—00, — T) and C\^x^^-^ = Ki x (T, 00). 




t 

' • > 

-T T 

Figure 2. A Lagrangian concordance 

The previous definition is motivated by the following. Any M-invariant 
Lagrangian submanifold of Y projects to a Legendrian submanifold of M, 
and any Legendrian submanifold will lift to an R-invariant Lagrangian sub- 
manifold. In particular any Legendrian submanifold will be Lagrangian 
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concordant to itself. However for the theory of Lagrangian concordance to 
be more intimately related to Legendrian knot theory, we want a relation 
up to Legendrian isotopy rather than a relation on the Legendrian subman- 
ifolds themselves. For this we have to prove that any Legendrian isotopy in 
the contact manifold M gives rise to a Lagrangian cylinder in the symplec- 
tisation Y. The proof of this fact is the main goal of this section. 
But first some remarks about the differences between the Lagrangian con- 
cordance and the topological (smooth) concordance are in order. 

Remark 3.2. In the case of a topological concordance, the condition of 
symmetry needed to obtain an equivalence relation is automatic, by simply 
reverting the t parameter in the cylinder embedding defining the concordance. 
In our case, this diffeomorphism (j) : Y ^ Y sending (x, t) to (x, —t) is not 
a symplectomorphism (4)*{de^a) = de~^a). Therefore it is not automatic 
that Kq being Lagrangian concordant to Ki implies Ki to be Lagrangian 
concordant to Kq. 

Remark 3.3. On the symplectisation Y , the vector field ^ expands the 
symplectic form uj , so that any translation of a Lagrangian submanifold along 
this vector field will remain Lagrangian. This allows us to prove that the 
concordance relation is transitive. We can therefore consider this relation 
to be more like a partial order on set of the isotopy classes of Legendrian 
submanifolds. We'll denote this partial ordering Kq -< Ki(or Kq -<c Ki if 
the cylinder C has to be specified). 

3.2. Main technical results. This sub-section is devoted to the proof that 
the notion of Lagrangian concordance is well defined on the set of isotopy 
classes of Legendrian submanifolds. The main difficulty is the fact the graph 
of a Legendrian isotopy is not a Lagrangian cylinder in general. Conversely 
a Lagrangian cylinder which is the graph of a (smooth) isotopy may not be 
the graph of a Legendrian isotopy. 

Let us first recall some facts about standard contact and symplectic struc- 
tures, as well as Lagrangian and Legendrian submanifolds. Consider on the 
cotangent bundle of a manifold, T*M, the standard Liouville form 6 which 
is the unique form satisfying 

e^{x) = TT*{x)x{x) VA G r*M, x g Tx{t*m) 

where vr is the projection T*M — > M. In local coordinates 9 = Y17=iPi^1i- 
The differential of 6 gives the standard symplectic form ujq on T*M. The 
1-form a = dt - 9 on the first jet space of M {J^{M) = T*M x R) is 
the standard contact form on J^(M). One of the important features of 
Lagrangian (respectively Legendrian) submanifolds M is that they admit 
standard Darboux-like neighborhood symplectomorphic (respectively con- 
tactomorphic) to a neighborhood of the zero section of M inside T*M (re- 
spectively J^(M)) (see [9] for a detailed proof). Through this section, U 
will denote the standard neighborhood of a Legendrian submanifold in M 
and V the one of a Lagrangian submanifold of y. In [9] one can find a 
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proof of the classical fact that any isotopy Kt of compact Legendrian sub- 
manifolds can be realized as ambient isotopy i.e. there exists a family ft of 
contactomorphism such that ft{Ko) = Kt. 

Theorem 3.4. Let Kq and Ki be two Legendrian submanifolds of M and 
let H : V X I ^ M be a Legendrian isotopy between Kq and Ki. Then 
there exists C such that Kq -<c Ki. Moreover C can be chosen arbitrarily 
(C^-)close to the graph T{H) of H . 

Proof First assume that we have decomposed our interval into small in- 
tervals (t, t + e), such that for each of these the isotopy sits inside U and its 
graph sits inside V . Also assume that we perturbed the Legendrian isotopy 
such that on each interval there is an arc L' inside which is fixed. We will 
piecewise construct our Lagrangian cylinder by considering each part of the 
isotopy as a full isotopy and then glue all the cylinders together to get a final 
cylinder realizing the isotopy. Now Ki x / is a Lagrangian submanifold of 
Fand we would like to consider it as the graph of a 1-form a over Kq x /. In 
order to do this, we have to see that the projection p -.V ^ Kq x / is injec- 
tive when restricted to Ki x /. Or equivalently to show that the projection 
p' : U ^ Kq restricted to Ki is injective. Under such conditions, we have 
chosen e small enough the projection is injective and therefore Ki x / is the 
graph of a over Kq x /. As Ki x / is Lagrangian the 1-form a is closed. On 
the complement /" x / of /' x /, the form a is exact, that is a = df. Now 
choose a function h on /" x / which is equal to zero nearby G / and is 
equal to 1 nearby 1 € /. The graph of the form a' which is equal to zero on 
L' X L and equal to d{hg) on /" x / is then, by construction, a Lagrangian 
cylinder between Kq and Ki. 

Let us return to the injectivity of the maps p and p' as above. First 
notice that the degree of p'\ki is equal to 1 since the isotopy lies inside 
U . Then the non-injectivity of p' would give the existence of cusps on the 
front projection of Ki (i.e the projection along the y-axis). The only way 
such cusps can possibly occur through a Legendrian isotopy is when a a 
Reidemeister move of type 1 is performed. If a Legendrian Reidemeister 
move occurs then we must show that we can decompose the isotopy into 
smaller ones such that the projection are always injective. Denote ft the 
smooth family of contactomorphisms such that ft{KQ) = Kt. Let to be 
the smallest t such that the above projection is non-injective and tn < to 
converging to to- Denote Ut the standard neighborhood of jt and vTf the 
associated projection. Suppose that ntlKt^, is never injective. This implies 
that TTol r-ii^t- 1 is non-injective, and so the associated projection differs from 
a type 1 Legendrian Reidemeister move. However this is impossible since 
f^^{Ktg) converges smoothly to Kq. So we can cut the isotopy such that 
the projections are always injective and this completes the proof. ■ 
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Although we do not have a unique way to construct the cylinder men- 
tionned in the proof of the last theorem, we can say the following. Any 
two such cylinders as constructed in the proof satisfy the following: one of 
them sits inside the standard neighborhood of the other one as the graph 
of closed 1-form. It follows that one can isotope one into the other through 
a Lagrangian cylinder. Hence our construction is unique if one works with 
Lagrangian cylinders up to Lagrangian isotopy (the natural analogue in the 
symplectisation of Legendrian submanifolds up to Legendrian isotopies) . 
Also, by taking e arbitrarily small in the proof, one obtains a cylinder which 
is arbitrarily C^-close to the graph of the Legendrian isotopy. However, 
since we have no a priori control over the function h used, it is not clear we 
can actually recover the original isotopy simply from the cylinder data. We 
ask the following: 

Question: Let Cq and Ci be two Lagrangian cylinders constructed as 
above from two Legendrian isotopy Hq and Hi. Does the equivalence of Cq 
and Ci up to a Lagrangian isotopy imply that Hq and Hi are equivalent 
through Legendrian isotopies? 



4. The Immersion Problem, Gromov-Lees Theorem 

It is well-known that the study of Lagrangian immersions is easier than 
the study of Lagrangian embeddings, since the former satisfy the h-principle 
i.e. if all the algebraic-topological conditions for Lagrangian immersions are 
satisfied then one can homotope any immersion to a Lagrangian one. We 
apply such ideas here to obtain a sufficient condition for the existence of 
an immersed Lagrangian cylinder between smoothly concordant Legendrian 
knots. 

All the terminology in this section come from the general h-principle theory 
we took from [5] , it is also the principal reference for the theorem of Gromov- 
Lees in its full generality. 

Let be a smooth manifold of dimension n and {W,u> = dO) be an 
exact symplectic manifold of dimension 2n. A bundle map F = (/, g) from 
T'^{N) to TW is called a formal Lagrangian immersion of in if it 
is a complex isomorphism on each fiber, li g = df'^ and f is an exact 
Lagrangian immersion {f*6 = dh) such F will be called holonomic. On an 
open neighborhood of a sub-simplicial complex A C N, we say that F is 
holonomic near A if the map g is equal to df for / an exact Lagrangian 
immersion. 

Such definitions are motivated by the following. Let f : N ^ W he a 
Lagrangian immersion. The map df : TN TW can be complexified to 

^fC . J^JSlC _^ rj^y^ getting 

df^{{a + ih)v) = adf{v) + bJ{df{v)). 
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Since N is Lagrangian, this map is an isomorphism on the fiber so that 
F = {df'^,f) is a formal Lagrangian immersion. Furthermore these condi- 
tions are the only algebraic conditions for a having a Lagrangian immersion: 
the condition on the homology class of uj being always fulfilled since we as- 
sumed that W was exact. 

Again, using the fact that the manifold (W, lv) is exact, we can endow x M 
with a contact structure defined by the contact form dt—9. There is a one-to- 
one correspondence between exact Lagrangian immersions and Legendrian 
submanifolds of M x M considered up to M-translation. The problem of 
finding a homotopy to a Lagrangian immersion is therefore reduced to Leg- 
endrian approximation problem. For our purposes we shall need a stronger 
condition though, since we want the homotopy to be fixed on a subspace of 
N. We now state Gromov-Lees theorem: 

Theorem 4.1. (Gromov-Lees [15], [5j) Let {N,A) be a couple where 
A C N is a sub-siniplicial complex of N and suppose that there is a for- 
mal Lagrangian immersion from T'^{N) to TW which is holonomic near A. 
Suppose moreover that = G H'^{N,A). Then F can he homotoped 

relative to A to a holonomic map Fi. 

We apply the result in our context as follows. Suppose we have an immer- 
sion / : 5^ X M ^ 5'^ X R which is the trivial cylinder over Ki at each infinite 
end and consider /|5ix[-_T-e,T+e] ^ mscp satisfying the first condition of 
the Gromov-Lees theorem for A = d{S^ x [— T — e,T + e]). Then in order 
to homotope / to an immersed Lagrangian cylinder we need to investigate 
properly the topological data. Consider first fo = Ki x M. The induced 
complexified map is then: 

Fo : T^{S^ x M) ^ T(C2\{(0, 0)} 

ds dzi dz2 

d_ d_ 

dt dr 



Moreover, the map 

^ d d ^ ^ + ^ ^ + ^ ) 

dzi ' dz2 dzi dz2 ' dzi dz^ 

provides an isomorphism 

r(c2\{(o,o)} ^c2\{(o,o)} xc2^c2\{(o,o)}x <e,^ > 

or 

so that the induced bundle map is uniquely characterized (up to homotopy) 

by 

' d9 = r{Ko) 
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Therefore, to homotope / to a Lagrangian immersion it is sufficient to 
know that v^Kq) = r(Ki) as this condition ensures that we can extend the 
bundle map induced by f\QST-x[-T-e,T+e] to the whole cylinder. Furthermore 
clearly vanishes since 




C Ki Ki 



We have consequently proved the following: 

Theorem 4.2. Suppose that Kq and Ki are two smoothly concordant Leg- 
endrian knot such that r^Ko) = r{Ki) then there exist an immersed exact 
Lagrangian cylinder between them. m 

Unlike in the closed case, we shall soon see that there exist some "soft" 
(meaning algebraic) obstructions for such cylinders to be embedded. It 
should be noticed that Haskins an Pacini have a similar discussion, in greater 
generality, without using the notion of rotation number see [H]. Also, we 
have discussed in detail the case where M is 5"^, but everything done in this 
section carry through in general, for any contact manifold, once a Seifert 
surface for the first knot is picked to yield a trivialization of the contact 
structure along it. 

5. InVARIANCE OF CLASSICAL INVARIANTS UNDER LAGRANGIAN 

CONCORDANCE 



This section is devoted to prove that both the Thurston-Bennequin and 
rotation number are invariant under Lagrangian concordance. It will follow 
that the notion of Lagrangian concordance is more restrictive than usual 
(smooth) concordance of knots: concordant smooth knots which are also 
Legendrian knots with different classical invariants cannot be Lagrangian 
concordant. While this is satisfying, this also means that there are no clas- 
sical algebraic obstructions for the non-existence of Lagrangian concordances 
between Legendrian knots, so to eventually find examples of knots which are 
not Legendrian isotopic but are Lagrangian concordant, one has to consider 
classes of non-simple Legendrian knots and use more sophisticated contact 
and symplectic invariants. 

Consider first the invariance of the rotation number, let C : 5"^ x M ^ 
M X M be a Lagrangian concordance between Kq and Ki . Let Sq be a Seifert 
surface for Kq which we consider as living in M x {—T}. Also define Si 
to be a Seifert surface for Ki in the same homology class as the projection 
of So U C\six[-T,T] to ^ {^}- From the end of section 2, we know that 
lj,{Ki,T,i) = 2r{Ki, [Sj]) and the cylinder C\si-xI-t,t] provides a homotopy 
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of the loop of Lagrangian planes 7^ induced by Ki and the trivialization of 
T(M X M) on So U Cl^ixj-T.r]- It follows that we have 

And so we have proved the following (which uses the canonical isomorphism 
H^M) ~ H^M X M) implicitly). 

Theorem 5.1. Let Kq -<c Ki, Sq ^ M a Seifert surface for Kq and 
Si = So U C be a surface obtained by gluing a Lagrangian concordance onto 
So- Then the rotation numbers satisfy r{KQ, [Sq]) = r(Ki, [Si]). ■ 

We consider now the case of the Thurston-Bennequin invariant. Again 
let C be a Lagrangian cylinder which provides a Lagrangian concordance 
between two Legendrian knots Ki and i^2- One has that the vector field 
^) gives a trivialization of TC. Since C is Lagrangian, the vector 
fields iJ-§^, J-§i) give a trivialization of the normal neighborhood of C. Fur- 
thermore this trivialization coincides on both components of the ends with 
the trivialization given by the Thuston-Bennequin invariant. So we have 
constructed a framed cobordism between (7i,t6i) and (72,^^2)- Using the 
description of the Thurston-Bennequin in section 2, we have proved: 

Theorem 5.2. If Kq -< Ki then tb{KQ) = tb{Ki), that is, the Thurston- 
Bennequin invariant of Legendrian knots is invariant under Lagrangian con- 
cordance, m 

We can therefore conclude that we have the following classical invariants 
for Lagrangian concordances of Legendrian knots: 

(i) The (smooth) concordance type. 

(ii) The rotation number (using a suitably chosen Seifert surface), 
(ii) The Thuston-Bennequin invariant. 

6. Remarks about Lagrangian gobordism 

The question of Lagrangian concordance naturally leads to the question 
of wether or not a Legendrian knot bounds a Lagrangian surface in a sym- 
plectic filling. Let us first study the trivial example which will be relevant 
in the following section: consider in C ~ H the disk = {zi = 0}, 
which is a holomorphic disk for the standard Kahler structure (namely mul- 
tiplication by i). If we change the Kahler structure by an orthogonal one 
(e.g. multiplication by j), this disk turns out to be a Lagrangian one. Now 
consider K = dD^ C S^, a trivial knot in the 3-sphere (actually this a 
fiber of the Hopf fibration) which turns out to be Legendrian for the contact 
structure standard contact structure 



^p = T,S'nj{T,S'). 
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We will argue below that for this knot 

r{K) = and tb{K) = -1 = TB{Cq), 

where Cq is the smooth isotopy class of the trivial knot. 

Going back to the general case, through the discussion X will be a Stein 
surface with boundary M endowed with the contact structure ^ induced 
by complex tangencies (which is well-known to be tight) and C with be the 
smooth isotopy class of a knot. Suppose that there is an oriented Lagrangian 
surface L : S ^ X whose boundary is a Lengendrian knot K ^ C. Then 
the Lisca &: Matic's ([16] and [6] for X = D^) adjunction inequality gives: 

tb{K) + \r{K)\<-xm = 2g{T.)-l. 

Note that th[K) and r{K) are number associated to S the same way as 
before. 

We can use the Gompf surgery description [lOl to produce a new Stein 
manifold diffeomorphic to 

X{K, tb{K) - 1) = X U X L>V{/(5^ X D'^) = N{K)}, 

where f is the surgery map. The complex structure on X{K) is the one 
induced by X and x as a subset of © iM?. Now D'^ x {0} is a 
Lagrangian disk which we use to cap off S, so that we get a closed Lagrangian 
surface S' inside X(iir) (notice that it is smooth since the Maslov indexes 
of on E and on are equal to zero, see |14]). Its self-intersection is 
consequently: 

S' • S' = 2g{Ts') - 2 = 2g{T.) - 2. 
However the surgery description also tells us that: 

S' • S' = tb{K) - I. 

Combining the two formulas we therefore get: 

2g{^) - 1 = tb{K) < 2g{^) - 1 - \r{K)\. 

This means that we have proved the following: 

Proposition 6.1. Let S he an oriented Lagrangian submanifold of a Stein 
surface. Suppose that dT, is Legendrian submanifold K of dX. Then the 
following holds: 

r{K) = 
tb{K) = 25(S) - 1 = TB{C) 
Furthermore, if X D'^, then 

Where C is the smooth isotopy type of K and gs{C) is the 4-ball genus of C 
m 

Intuitively, one can therefore think of Legendrian knots bounding La- 
grangian surfaces as being maximal for the Thurston-Bennequin invariant 
ans, above all, for the partial ordering given by Lagrangian concordance. 
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Remark 6.2. One knows some knots yielding examples where the Lisca- 
Matic inequality is not sharp (e.g. negative torus knots, connected sum of 
torus knot ...). Consequently, by the previous proposition, such knots cannot 
bound Lagrangian surfaces in D^. 

Remark 6.3. By carrying out the analysis done in section [7], we arrive 
at the conclusion that a Legendrian knot bounds an immersed Lagrangian 
surface in if and only if it has rotation number equal to zero ( compare 

m)- 

In the same spirit of this section and from the observation we made in 
section m and [5] we have the following: 

Theorem 6.4. Suppose S is an oriented embedded Lagrangian surface with 
two punctures such that around one puncture S = Kq x (— oo, — T) and 
around the other S = Ki x (T, oo) then tb{Ki) — tb{KQ) = 2g{T?j 

Proof On S take the vector field —V/ where f is the height function 
shown in figure [3l It has 2g index —1 critical points. Hence any nowhere 
vanishing vector field extending ^ around the first puncture will have wind- 
ing number —2g with respect to ^ around the second one. {JX, Y) (where 
Y is a positive orthogonal to JX in N[Ti) is then a framed cobordism from 
{KQ,tb{KQ)) to {Ki,^) where differs from tb{Ki) by 2g twists. ■ 

4\ 




/ 

> 



-V/ 

Figure 3. Height function on S 



7. Applications and Remarks 
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In this final section we provide some examples of Lagrangian surfaces 
bounding Legendrian knots and we use section [6] to give an alternative proof 
of the local Thom conjecture about the 4-ball genus of algebraic knots (a par- 
ticular case being the Milnor conjecture determining the unknotting number 
of a torus knot). In the latter part of the section, we make a few more re- 
marks about Lagrangian concordances of Legendrian knots, work to be done 
in the future by the author. 

7.1. Algebraic Legendrian knots. Let P : — C be a polynomial such 
that -P(0, 0) = and is a critical value of P with (0, 0) as unique critical 
point. The intersection 

K = p~^{o)nsf, 

with a small three-sphere about the origin is a codimension 2 submanifold, 
and if it is a knot one says that this knot is algebraic. The manifold — K 
may be given the structure of a fibration over via the Milnor construction 

j[Zl,Z2) = 7^7 TV, 

\P{Zl,Z2)\ 

and the same holds for Df — P~^{6), where 5 > is small enough. The 
fiber of the first fibration is called the Milnor fiber of the singularity and is 
a Seifert surface for K. One way to formulate the local Thom conjecture is 
to say that this Seifert surface is genus minimizing in D^. Notice that the 
genus of this fiber is given as the genus of P~^{6) for any regular value 6 of P. 

The aim of this section is to show that we can find a canonical Legen- 
drian representative of an algebraic knot together with a Lagrangian surface 
bounded by it. On ~ EI we will consider the Kahler structure given 
by multiplication by j (instead of i). Any embedding of such that its 
boundary is transversal to the vector field ^ will carry a Stein manifold 
structure induced by the Kahler structure given above. 

Consider 5 a regular value of P and P\s'i for any e sufficiently small. 
Since the structure induced by j is orthogonal to the one induce by i and 
S = P~^{d) is a complex curve we have that it is a Lagrangian surface for the 
symplectic structure we have chosen. We consequently wish to find a convex 
embedding of the 3-sphere such that its intersection with S is Legendrian. 
Let K = T,ri and choose a neighborhood A of ii' in D"^ diffeomorphic to 
X X / such that we can write 

A n 5,^ = {{s, X, y, 0) xD^ X I}, 

where ^ corresponds to ^, for i the parameter in the I direction. Since 
S is transversal to S^, the vector field i{TK) equal, up to rescaling, to 
(x(s),y(s), 1). Consider the embedding h oi x in A given by 

^(■5, X, y) = (s, X, y, {l-x^ - y'^f{-x{s)x - y{s)y)). 

This embedding is transversal to ^ and, on 5"^ x {(0, 0)}, its tangent space is 
orthogonal to i{TK) and hence it contains j{TK). Furthermore it coincides 
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with the embedding of x on x S^, so we can use h to construct a 
new embedding h' of 5'^ into such that Sn/i'(«S'^) = K, j{TK) is tangent 
to h'{S^) and ^ is transversal to h'{S^). It fohows that the j-complex 
tangencies form a contact structure isomorphic to on where we now 
have that K is Legendrian and bounds a Lagrangian surface in D^. Using 
Proposition l6.lt we have therefore proved: 




Figure 4. Modification of embedding on {s} x x I 



Theorem 7.1. Let Kq be an algebraic knot with Milnor fiber S. Then 

(i) There exists a convex sphere such that its intersection with T, is a Legen- 
drian representative K of C{Kq). 

(ii) The Legendrian representative K has maximal Thurston- Bennequin num- 
ber and trivial rotation number and satisfies tb{K) = 2gs{KQ) — 1. 

(iii) The 4-ball genus gsiKo) of Kq is given as gs{LCo) = fi'(^)- 

Remark 7.2. The computation of TB[C) in (ii) is a classical result of 
Bennequin, see [1]. Part (iii) gives a new proof of the local Thom conjecture 
first proved by Kronheimer and Mrowka in [TB] as we have shown that the 
Milnor fiber is genus minimizing among all surfaces in bounded by K. 

7.2. Concluding Remarks. So far we have not been able to find exam- 
ples of non-trivial Legendrian knot concordances between knots which are 
known not to be Legendrian isotopic. From a topological point of view, con- 
cordance is a much weaker relation than smooth isotopy, but what prevents 
us, so far, from using this fact in the Legendrian knot setting is that the 
classical Legendrian knot invariants are concordance invariants as we have 
proved. We hope to use more sophisticated invariants to explicitly construct 
families of Legendrian knots which are Lagrangian concordant without being 
Legendrian isotopic. 

Recall that a topological knot type is Legendrian simple if the Legendrian 
isotopy classes are classified by the Thuston-Bennequin and rotation number 
Examples of Legendrian simple knots are given in [8] , where it is shown that 
torus knots and the figure eight knot are simple. From section [5] and [3] we 
conclude: 
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Corollary 7.3. If C is a Legendrian simple knot type the any two Legen- 
drian representative of C are Lagrangian concordant iff they are Legendrian 
isotopic. H 



There is also an obvious link between Lagrangian Concordance and Leg- 
endrian Contact Homology. Following [2] we see that a Lagrangian cylinder 
between two Legendrian knots could be used to define a map between the 
algebras CH{Kq) and CH{Ki) (see [1]), we, however, will not give a more 
detailed description of this map for two reasons. First, we have not com- 
puted this map for non-trivial cylinder yet; moreover Tamas Kalman already 
has in |12j a combinatorial map in Contact Homology for Legendrian iso- 
topies. So before enlarging our current article, we plan to do two things: 
give a non trivial example of such a map, and hopefully be able to compare 
this map with the one of [12] when the cylinder is constructed as in[3l 

From the result of section [5] and H] we know that on an immersed La- 
grangian cylinder between two Legendrian knots, the difference between the 
Thuston-Bennequin numbers is an obstruction to suppress the double points 
of the immersion. Notice that from the construction in section H] the double 
points of this immersion arise in pairs with opposite signs, since we started 
from a smooth concordance. To this kind of double points, one can associate 
another algebraic invariant; the Maslov index of the pair //(x, y). We expect 
this number to be related to the difference of the Thurston-Bennequin num- 
bers. In the case where we actually have an embedded Lagrangian cylinder 
between two Legendrian knots and that ones perturbs it to obtain an im- 
mersion with two transverse double points, then the Maslov index of this 
pair of points is equal to 1 (compare |14j). We therefore wish to formulate 
the following conjecture: 

Conjecture 7.4. Let C he an immersed Lagrangian cylinder constructed as 
m[7] between to smoothly concordant Legendrian knot. And let {xi,yi},i € 
{L./c} be cancelable pairs of double point together with Ui G TT2{xi,yi) some 
Whitney disks (these exist by the hypothesis that the pairs are cancelable). 
Then S*Li(^(xi,yi,MO - 1) = tb{Ki) - tb{K2) 

We now finish the paper proving one last result concerning the behavior of 
Lagrangian concordance under stabilization. We recall that the stabilization 
or S~ of any Legendrian knot K can be define (see [8]) by the operation 
which consists of exchanging an arc j of K (in its standard neighborhood) 
the way described by the following figure: 

Now suppose that we have a Lagrangian concordance C between Kq and 
Ki and fix a neighborhood N of C symplectomorphic to the symplectisa- 
tion of the standard neighborhood of Kq then replacing 7 x R by the band 
5'(+'-)(^) gives a Lagrangian concordance we denote by S^^~\C) between 
the stabilized knots, hence: 
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Figure 5. Stabilization of Legendrian knot 



Proposition 7.5. Let C be a concordance between Kq and Ki then 5^"*"' \C) 
is a concordance between S^'^'~\Ko) and S^^'~\Ki). m 
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